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Arithmetic zeta-functions (Serre, 1965)

X
separated,
finite type
SpecZ
)= 1] : . (Res > dimX)
XX 1 — #(Oxx/m)=s
closed

Conjecture: meromorphic continuation to s € C.
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Extensively studied cases

> Riemann: ((s) = [, == = (specz(s).
» Dedekind: (£(s) = (spec 0f(s) for a number field F/Q.
» Hasse-Weil: X/IF,, then

x(s) = Zx(q™%),

where

Z4(t) = exp (Z #X(Eqr) tm> e Q).

m
m>1

(Cf. Weil conjectures.)
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Special values

» FixneZ.
» d, := vanishing order of (x(s) ats = n.
» Special value (leading Taylor coefficient) at s = n:

Giln) = lim(s — 1) % Gx(s).
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Classical motivation: class number formula

» Let X =SpecOrand n=0.
» Zerooforderdy=r+r —1,
where r; := # real places, 2, := # complex places.
#Hl(Spec OF, Gp)

~ #H0(Spec Of, G )tors
Rr := Dirichlet regulator € R.

» Formulas for other n € Z?

» Special value (f(0) = RF,
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Weil-étale cohomology (Lichtenbaum, 2000s)

Conjectural cohomology theory.
> Groups Hjy, (X, Z(n)) = H (RT (X, Z(n))).
» Perfectness: finitely generated and = 0 for |i] > 0.
» Long exact sequence

- = Hy (X Z(n) @R = Hif (X, Z(n)) @ R — - --
» Knudsen-Mumford determinants = canonical isomorphism

A: R = (dety, RTy (X, Z(n))) ® R.

free Z-mod of rk 1

?7?7?

dn = Y (=1)- - rkg Hy (X, Z(n)).
ACG(m™Y) - Z E dety, RT (X, Z(n)).

v

v
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Some work on Weil-étale cohomology

Lichtenbaum, 2005: X/F, smooth
+ work by Geisser

Lichtenbaum, 2009: X = Spec Of
Morin, 2014: X/Z proper, regular, n=20
Flach, Morin, 2018:  X/Z proper, regular, ne€Z

-, 2018: X/Z any... n<0
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Fromnowonfixn<0



Motivic cohomology H*(X¢:, Z(n))

v

Geisser, 2010: dualizing cycle complexes Z¢(n).
Complexes of abelian sheaves on Xg.

A variation of Bloch’s cycle complexes (1986).
Motivation: arithmetic duality theorems.
Behaves as Borel-Moore homology: for Z — X < U

RT (Zgt, Z°(n)) — RT(Xap, Z(n)) — RT (Ugt, Z6(n)) — [+1]

Calculations: few and hard...

Conjecture (Lichtenbaum): H'(Xy, Z(n)) are finitely
generated.
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Weil-étale complexes (after Flach and Morin)

» Assuming Lichtenbaum’s conjecture, there exists a perfect
complex Ry (X, Z(n)).
» Splitting over R:

=)

RT(Gr, X(C), R(n))[-1]

RHom(RT (X, Z(n)), R)[—1]
RTw (X, Z(n)) @ R = ( ) )

R(n) := (27i)" R, as a Gg = Gal(C/R)-equivariant sheaf.
» Long exact sequence of H{,V’C(X, Z(n)) ® R: need a regulator.
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Regulator morphism

» Kerr-Lewis—Miiller-Stach (2006) — for X is smooth and
quasi-projective:

Reg: RT (Xet, Z(n)) — RTaw(Gi, X(C), R(n))[L].

» Note: as always, n < 0, this is why the RHS is simple.
» Conjecture (Beilinson): the dual

Reg" : RT(Gg, X(C),R(n))[~1] — RHom(RT (Xg, Z*(n)), R)

is @ quasi-isomorphism.
» Splitting over R + Beilinson’s conjecture = L.e.s.

co- = Hy (X Z(n) @ R = HFH(X, Z(n)) @R — - -
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Main conjecture C(X, n)

» Assume...
meromorphic continuation of {x(s) around s = n < 0,
Xc is smooth quasi-projective,
Lichtenbaum’s and Beilinson’s conjectures.

» Then
dn =Y (1) i-rkg Hyy (X, Z(n)),
AMCx(n)™1) - Z = detz RTy. (X, Z(n)).

> Note: this would imply
dp =Y _;(—1)" dimg H.(Gg, X(C),R(n)).
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What it's good for?

» If Xis proper and regular, then C(X, n) is equivalent to the
conjecture of Flach and Morin.

» (Whenever makes sense) compatible with the Tamagawa
number conjecture (Bloch-Kato-Fontaine—-Perrin-Riou).

» Well-behaved under decompositions: for Z — X < U holds
Cx(s) = ¢z(s) - Cu(s) (obviously), and in fact

C(X,n) < C(Z,n)+C(U,n).
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* Construction (after Flach and Morin)

Consider the étale sheaf Z(n) := D, li_mwjp!u?i”[—l], where
Jp: X[1/p] = X.

R we(X, Z(n))

|

RHom(RT (Xet, Z°(n)), Q[—2]) — RT(Xet, Z(n)) —— RI (X, Z(n)) — [+1]

l lcomparlson l

0 ———— RT(G,X(C), Z(n )) «(Gr, X(C),Z(n)) —

RTwe(X, Z(m)[1]

13/15



Some questions

» A regulator for non-smooth X¢?

» A less ad-hoc definition of Weil-étale complexes?
Morally, there should be a Grothendieck topology behind
everything.
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Thank you!



